Exercise 2 - 30%

Two neighbors are taking care of a common road leading to their villas. Each
of them exert an effort g; = 0, = 1, 2. The resulting quality of the road is

flei,e2) = ajey + azes — eyez,

where a1, 42 > 0 are constants such that 2a; — a5, 28; —a; = 0.
Exerting effort is costly. More precisely, each neighbor has a quadratic cost of
effort:

Ci(es) =e€f,i=1,2.

The payoff of neighbor i, U}, is equal to the quality of the road minus his cost
of effort.

{a) Suppose the neighbors choose their effort levels simultaneously and in-
dependently. Derive the best response functions. Find the pure strategy
Nash equilibrium of this game.

For the rest of the questions, assume thata; = a; = 1.
(b) Calculate the payoffs of the neighbors in the Nash equilibrium.

(c) Find the aggregate effort level & = & + & that maximizes the sum of the
neighbors payoffs. Calculate the corresponding payoffs of the neighbors,
assuming that they contribute equally (e; = e2).

over an infinite time horizon ¢ = 1,2,..,, c0. Assume that the neighbors
discount future payoffs with the discount factor é € (0,1} and that they
maximize the sum of discounted payoffs. Suggest strategies in this in-
finitely repeated game that yields average discounted payoffs equal to
the neighbors’ payoffs obtained in (c). Find the minimal discount factor
& such that the strategies constitute a subgame perfect Nash equilibrium.

' (d) Suppose the interaction between the neighbors studied in (a) is repeated

Answer:

(@) According to the problem, the quality of the road function is given as:
fler, e2) =arer+ae2-€1€ (ag, a2>0)
Cost of effort function: Ci(ei) = &® (i = 1, 2)
And the Payoff (U;) = f(e1, €2) - Ci(e)) =ai €1 + ay €2 - €1 €5 - &°
Also given the constraints as 2a; —a; > 0, and 2a, —a; > 0

Hence the problem is to maximize the payoff function by forming the
Lagrangian equation as (in case of simultaneous actions):




Maximize W =a;e; +a, €, -€1 6, — 912 - 922 + A1 [28.1 —a-Bl+A [28.2 —aj -

Y]
subject to e1, e;, A1, and A, where ‘B’ and “y’ are surplus variables (A1, A2, B, ¥

>0).

The required first — order conditions are:

oV/oer=ar-€-261=0.cccvvvviiin. (1)
OV /0ey=a3—€1-262=0 cciviiiiiiiiiiie 2
OW /M =281 -B=0eveereeeeeeeeeeeeeeani, 3)
OV /=28 =81 -Y=0 eevereereieeeeeeeeeeee, (4)

Solving equations: (3) and (4) we get:

=(2B+v)/3;and a; = (B + 2y)/ 3.

By solving equations: (5) and (6) we get the pure strategy Nash equilibrium as:
(e:,€) =(B/3,v/3)=(1/3)*[(2a; - ay), (2a2 — &1)]

Here one important factor should be noted. When the value of the surplus

variables become zero, the Nash equilibrium (NE) solution becomes zero (non

— existent) and when they are infinitesimal (B, y — ), then we can write:

2a; — ap = 0 = a; — 2a, — which again gives us the non — existent NE
solution.

Thus the pure strategy NE solution exists when 2a; — a; # 0 and a; — 2a, # 0.

The best response function for neighbor: 1 would be either:

e1=(a1—e))/20re;=ay-2e;




The best response function for neighbor: 2 would be either:
e,=(ay—2e1)/20re;=a; - 2e;

Now when the neighbors act independently then we may write the individual
utility functions for neighbor: 1 and neighbor: 2 separately as:

U1:a1e1+azeg-eleg—e12and U228.191+8.262-6192—922
The necessary Lagrangian equations for neighbor: 1 would be:

Maximize Q =a; €1 + a, € - €1 €2 — €1° + Ay [2a1 — @ - B] + A2 [282 — &1 - Y]
subject to es, €2, Ay and A, .

The necessary first — order conditions are:
0Q/0e1=a1-€-281=0 .coiiiiiiiiiii s (7)

Oo=a—€1=0 .o (8)
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ation: (7) and (8) we have:

2e; +e;=a; and e; = a, — e, = a; — 26; — Reaction function for neighbor:
2

and e; = (a; - e2) / 2 — Reaction function for neighbor: 1

Again by the help of equations: (7) - (10) we derive the NE solution as:
(61, &) = (a a1-2a)=[(B+2y)/3,-7]

Similarly, the necessary Lagrangian equations for neighbor: 1 would be:

Maximize ® = a; 1 + @, €5 - €1 €2 — 8> + Ay [2a1 — @ - B] + A2 [282 — a1 - 7]
subject to es, €2, A1 and A, .

The necessary first — order conditions are:

0D /0e1=a1-€=0 oioiieiiiii . (11)




oD /0y =ar—€1-26=0ceeviviiiiniiinnnnnn... (12)
OO/ =2a1-3-B=0 i, (13)
OB/ Mo =28 =1 =Y =0 el (14)
From equations: (11) and (12) we get:

e1 +2e; = azand e; = a; — e; = ap — 2e; — Reaction function for neighbor:
1

and e, = (a; — e1) / 2 — Reaction function for neighbor: 2.
Again by the help of equations: (11) - (14) we derive the NE solution as:
(e1,€2) =(a2-2a, a1) =[-B, 2B +7) /3]

So the set of NE solutions would be:

er =[az ar- 2] =[(B+2y)/3, - Bl;
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—aje +ae-ee—efand U, =a; 61+ ay € - €7 € — €7

Hence the payoff of 1% neighbor (Uy) =a e;” +a, €, -e1 e, —e; 2
Now according to the problem, a; =a, = 1.

When e;” = a,, then e, = a; - 2a, — these values will help to rewrite the
payoff equation of the 1% neighbor as:

Up=aje; +aye; -5 € —e; > =ajay+ay(a - 2a) - ay (8 - 2a,) - a,°
_ 2 _ _
Taqu - =1-1=0.

Now when e, = a, - 2a;, then e,” = a; — which gives us the payoff equation of
the 1% neighbor as:

Up=aje; +aze -e; e —e1 > =a; (a-2a;) + ag a2 —ay (a2 - 2a1) — (a2 -
2a1)°




=-4,

Now when e;” = a,, then e, = (a; - 2a,) — which gives us the payoff equation
of the 2" neighbor as:

Us=aje; +aye; -5 € —e > =ajay+ay (a - 2ay) - a, (a1 - 2ay) - (ay -
28.2)2

=0.

Similarly, when e; = a, - 2a;, then e, = a; — which gives us the payoff
equation of the 1% neighbor as:

Up=aje; +aye; -5 e —e > =ay (ay-2a) +ay ap - a3 (az - 2ay) - &°
=0.

Finally, when e;” = a,, then e,” = (a; - 2a,) — which gives us the payoff
ion of the 2" neighbor as:
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61* = [8.2, dy - 28.1] = [1, -1]

e, =[a1-2ay, a1] = [-1, 1] when a; = a, = 1.

(c) According to the problem, let e{and e, are the optimum levels of efforts for
neighbor: 1 and 2 respectively which maximizes the combined efforte = e; +
€.

Now the quality of the road function is rewritten as:
flef, e)) =aref+azey-ef e (ay, a2 >0)

and the cost of effort function would be: C(e;) = (e + €,)?

Hence the required Lagrangian equation would be:




Maximize l=a; ef+az €, - e1 e, - (e1+ €2)° + A1 [281 — a2 - B] + A2 [2a2 — a1 -

V]
subject to ef, €5, A and Ay (Ag, A, B, ¥ > 0).

The required first — order conditions are:

Ol/oef =a;-267 -3 =0 .ovveeveveieeeeennneeen. (1)
Ol/de; =a-367 -267 =0 vvveeeeveeeeeeneeeenn. (1D
/O =281-8-B=0ccceeeeieeeeeiiiiiiil (111)
AN/ hg=28-81- =0 ccvvvrerereeeeeiiiieee e, (V)

Solving equations: (1) and (I1) we get:

e;=(3a;-2a;)/5and e, = (3a; - 2a,) / 5.

putting a; = a, = 1 we get:
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ally, 15 neighbor’s payoff (U;) =a; ef + a, €, - e1€; - e1°
=(2/5)-(2/25)=8/25.

Similarly, 2" neighbor’s payoff (U,) = a; e;+ a, €, - e1€, - €5 >
=8/ 25.

(d) According to the problem, we have to rewrite the Lagragian equation with
a discount factor ().

Now let the optimum discounted payoff functions for the 1% and 2" neighbor
be U,% and U,® respectively.

So we can write the discounted payoff functions as:
Ul=are; +ae -e € =012/ 1=8 eeeeeeieieiieii, @)

and Ul =are; +ae -e1 € =€ 2/ 1=8 toeeeeieiii, (ii)




where (e1,e2) =(B/3,y/3)=[(2a1 - @) / 3, (2a; — &) / 3] (derived form
part : a)

[(er, &) correspond to pure strategy NE solution]
Thus substituting the values of e;"and e,” in equations: (i) and (ii) we get:

Uld = [ di. (23.1 - 8.2) /3+ do. (28.2 - 8.1) /3- (23.1 - 8.2) (28.2 - 8.1) /9- (23.1 - 8.2)2
19]1/1-6

=4/9(1 - d) as by assumption a; = a, = 1.
Now according to the problem,
4/9(1-8)=8/25=0.32

— 6=0.28

Live Experts 24x/




Experts Mind

Live Experts 24x/




